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FORMULATION OF MODE COUPLING EQUATIONS AT STEP DISCONTINUITY
BASED ON THE PLANAR CIRCUIT THEORY

Hsu,Jui-Pang

Kanagawa Univ.

1.Introduction

Surface-wave planar circuits are frequently
used at microwave, millimetric and optical waves.
In order to construct a practical surface-wave
planar circuit as shown in Fig.1, side-wall is
needed to reflect or confine the surface-wave
laterally. Usually two kinds of side-wall,i.e. me-
tal wall or total power reflection wall above the
critical angle(effected by step discontinuity as
shown in Fig.2) are utilized. The former is free
from mode conversion, and conveniently used at
microwaves, but not so at optical and millimetric
waves because of the Ohmic loss. On the other hand
the latter is useful at optical and millimetric
waves because it is free from the Ohmic loss.

However the discontinuity itself disturbs
the electromagnetic field near the step, which
causes the excitation of higher modes including
continuous spectrum and the other type of modes
(TE-TM mode conversion) at both sides of the step.
These excited modes may be either evanescent or
propagating, and may introduce some reactive load-
ing or radiation loss at the side-wall of the
planar circuit ,which sometimes shift or deterio-
rate the desired operation of the planar circuit
itself. Therefore it is meaningful and useful to
provide a circuit theory which can treat the above
mentioned problems exactly and systematically.

In this paper notifying this importance,
general mode coupling equations at the straight
uniform step discontinuity as shown in Fig.2 are
derived with properly defined mode voltage and
current, and formulated in matrix forms. Through
these derivations mode voltage and mode current
are defined according to the planar circuit
theory, and the consistency with the planar cir-
cuit theory and the conventional circuit theory
are kept as much as possible. Next, it is shown
that derived general mode coupling equations can
be easily applied to the analysis of the practical
structure.

2.Description of the electromagnetic field in the
planar circuit with mode voltage and current

Before deriving the mode coupling equations
at the step discontinuity,the field in the
surface-wave planar circuit is described by virtue
of the appropriately defined mode voltage and two
dimensional vector mode current.

Suppose that the surface-wave planar circuit
has a uniform siructure in x-y plane and its
specific dielectric constant & s(z) 1s only a func-
tion of the height coordinate z as shown in Fig.l.
There exists an infinite number of independent
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Fig.1 Surface-wave planar circuit.
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Fig.2 Straight uniform step discontinuity.

basic TE and T™M surface-wave modes, whose func-
tional form in the height direction f£(z),g(z) and
h{(z) are given by (G),(H) and(I) in Table 1. Here
"n" means mode number and the suffix "E" or "H"
means mode TM or TE.

When mode voltage Vn(x,y) and vector mode
current Jn(x,y) are given by solving planar cir-
cuit equations (D) and (E) in Table 1, then the
fields component of the each mode in the planar
circuit is expressed by eq.(A),(B),(C) in Table 1.
Hence the total field can be described by the fol-
lowing equations.

E:x, vy, z)=—3Vix, y¥) gi(z)
H(x, y, z)=—ZVix, y) gh(z)

Eux, vy, z)=3% [J5x, y)X k] £i(2) (1)
+i7e% 35(x, y)hi(z)

Hux, ¥, z)=ins' SJIh(x, y)hi(z)

+% [kxJInx, ¥)] £r(z)
The voltage and current of each mode in the
uniform planar circuit can be given by egs.(2)
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V(X, Y):ZA(,By) e —j(Bx'x"’By‘y)
(2)

J(x, ¥y)=3Y.

as a solution of two dimensional Helmholtz equa-
tion.

g:A(Bv) e‘j(ﬂx'x+ﬂy‘Y)

ViV + B3 V=0

where 8,?@ is the planar propagation constant
and Y. is planar characteristic admittance of the
corresponding mode.

3.Derivation and Formulation of Mode coupling
equations

When the planar circuit has no discon-
tinuity, there is no mode coupling. However when
there exists a step discontinuity as shown in
Fig.2, coupling between the modes in each region
occurs,as is well known. In order to treat these
problems quantitatively and systematically, coor-
dinate system as shown in Fig.2 and 4 is supposed;
the suffix "1" or "2" is used to describe the
physical quantity in connection with the region 1
(x<0) or the region 2 (x>0) respectively; also the
symbol "L " or "# " is used instead of x or y in
order to describe the physical situation more
clearly. We know that only the modes which share
the same 8y=B¢ can couple at the step discon-
tinuity. Hence, the coupled mode voltage and cur-
rent in each region can be expressed by egs.(3)

At the step discontinuity, the tangential
components of the field of both side must always
be continous. Hence, the following equations must
hold.

Hz:EZvn g}lH(z)=):V?ngr21H(z)
Ez:EZVn g}le(z")=EV¥!E g%E(z)
Ey:—ETn', £0' @4 7L 1K, hif2)=
—ETH L R @+ IE L hE @
O T LA L

(4>

+E TR, fﬁE<z>—J%2Jﬁ“/,n%”<z>

Applying the orthogonality relations shown
in (I) of Table 1 to eqs.(4), following mode cou-
pling equations are derived.

Vi = LFomVa
Vit = EFtm>Vn
Tnl —EEah Tht = e {EHAS I05 —EHOE 525
The —LFmh Jhs =T'lﬁ {EHmm N, —ZHoma 120

(5)

where mode coupling coefficients are defined as
follow.

instead of eqs.(2) ' ) ) F};f%)=<g;H,f§H> F(r;fr?)E= <gn:E,fneE>
Vix, y)=(A e."ﬁ")f‘FB eJB‘.x_) e_“ﬁ"y_ 1H1E 1H | 1E 1E1H 1E W
Jilx, =Y (A X p Jhx) Jiby Hioym = <gn', hn > Han'=<gn\hn > (g)
_ -iBex jB-x -iBey 1H2E 1H

Ja(x, 9)=Yu (Ae +B e ) e (3) Hamm = <gm,hmp Hanm = <gn',hi' >

where, Yer =Y (B/B) Yer =Y. (8/84) a,b>=fa@ b@dz

ﬁ;=»//3 2—R82 Bv=P8n
TABLET1 Fundamental relation of surface-wave planar circuit.
TE (H) MODE T™M (H) MODE

T Hzex,v,2) = -VHacx.v) *gncz) Ezx,v.2) E-VEqx, vy *8En i A
s
(=%

S| Etexov.2) = (Macx. vy XK) «fHo (g Moovozr = (KX JEnix.vr) *fEaca B

= . 1

3 Mooy, 2y = 7°J“n(x.v)‘h”n(z) Evexovozs Sj7eJEnck. vy *hEnizy C

W )2 €.)2

- gradV“n=-Z"nJ"n ) Z"n=j'(_ﬂ—'—‘)‘ [S) SradvEn='ZEnJEn s ZEn::j‘(_u [QJ D

z Wi WE,

2

Gg divJHas-YH,\M, » Yazjwu Q) divJEa=-YE,VE, ’ Yeazjwe. (s) E

2 ’

n EII -

5% ﬂz=ﬂ“n y Hen= Yy [S] s Yen= :HL: (Q] 13(-'-/35‘\ y LEen= "f‘)'E" (Q] ) YEcn=ig-EEn‘ [S] F
of L8y tkzeacn - (BHa2) ghas e (el 3+ (2 eacnr-(OE0) 500 | G
E dz . n n 4z “Cetzr 02 stz)8%n . st2) n 8 n
: 1 dft, 1 1 dft
bt Hoz=gha Hp — Ep= 3 = — -

.U_E fHa=gl ’ K ke dz fEn Es3(z)8%n s hEn ke Tatms oz H

[/ R ™S

.2

B LM 1> = [ ghafadz =8 nn 8EnyfEaD = § gEafEndz =8 un I

k:iunit vector toward height direction k=wVEvE  , NV ETE:
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In order to show the mode coupling situation
more clearly, we define the the following matrix.
mode voltage and mode current column matrices

1H 1H iH 1H
V = ( Vi 3 Ve N Vs s o&&o) t
1H 1H 14 1H
\]_L=(J‘_L9 J2y J3J_,..‘.)t

1H iH 1H 1H
\]//: (Jl//y JZ//) J3//, "") ¢

7

1H 2H 2E 1E 2H 2E
V ’V ,V ’ \]J_ » J_L 3 JJ. »
1E 2H 2F . .
J, , 3, , 3, aredefined in the same way.

mode coupling matrices

1H, 2H 1E.,2E

TH,2H 1€, 2E

F =<F mn > F =<F mn >
H = ca'mn> H5 M= @'may (8
HlH.zE:<H1%;|%]E> HlE.ZH: <H1ﬁl.’r2]H>

planar characteristics admittance matrices

1 . 1H 1
ch/=dla,g (Ycl//, ch//, Y::g//, ves)

1H . 1H 1
Ycl=dlag(Yc1_L,Ycei,YlgL,wv) (9)
Y: =diag (Yo, Yez, Yeb , o0)

1E _ 2H °F
Ye Ye Ye are defined in the same way.

Then the mode coupling equations can be sum-
marized in Table 2. In this Table (A)and (B) means
current conservation Law of TE and TM,where righ-
thand side terms mean the current generated by the
TE_TM mode conversion at the discontinuity. (C)
and (D) mean ideal transformers. (E)~(H) mean
that the parallel current are alway propotional to
the voltage at that point and the propotional con-
stant is the parallel characteristics admittance
Eqs.(A) and (B) in Table 2 can be transformed to
eq.{10),which is just parallel with egs.{C) and
eq. (D) in Table 2

21H 1H,1E 1H,2H ~>2H 2H, 2E

1E 2€

Ji —H J,=F (J. —H Jz) (10)

>1E 1E,1H o 1H 1€,2E ~F2E 2E,2H _2H

J. —H Js,=F (Ji—-H J2)

Table 2 Mode coupling equations.

T])l_H—F‘H'eH T])-ZLH= JT?B {HlH.lEJl;_HlH.QEJZ/E} (A)
—> . - 1 ) s
JLE_FIH 2E iE= m {HlE IH\]l/ﬁ_HlE 2HJ2;} (B)
V2H= (FiHZH)t VIH (c)
V2E= (F152E)t V\E (D)
Ji/;‘:Y})H//V‘H (E)
17=v,V" (F)
35 =Y&, V" @)
35 =Y,VT (H)

4 Effective mode admittance of the side-wall

The step discontinuity shown in Fig.2 can be
modelled as shown in Fig.3.

Effective mode admittance of the side wall,
i.e. mode admittance looking into the right direc-
tion at reference plane(1) is derived from the
mode coupling equations in Table 2 and is given by
eq.(11).

1H
3! Yert Yert ||V (11)
JED Thyertt weitf | v'E
where
1H1H
Yeff :F‘IHZ‘IYC-LEH (F1HZ’|) t
yitE _pEEY, & (FEX) ¢
1H1E
Yartt = j 0 {HWEYC,E—HMWEYC & (FEXE) t}
1
Yare! =T (HEHYCc,H—HEHYC 8 (FHa) t}

When column matrices of_IE mode and TM mode
are combined like V=(V", V%), J=(J ", J ), then the
mode voltage and perpendicular mode current can be
described by the following equation by virtue of
the admittance Yw defined in by eg.(11).

—in: YU Vu) (1 2)

Equivalent circuit is shown in Fig.5(a),
which is just the same with Fig.3.

When the side-wall works as the total
reflection wall,all elements of Yw are imaginary.
and yi?}gmeans effective TE-TM mode coupling
admittance at the step. The effective wall admit-
tance is a useful concept for the analysis of the
planar structure.

(l)i 5(2)'
TE TE
TM W ™

Fig.3 Circuit model of step discontinuity.
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5.Practical Applications

Derived general mode coupling equations can
be easily applied to the analysis of the following
cases.
A .Scattering of obliquely incident surface-wave

at_the step

When surface-waves A‘®are incident from
region 1 as shown in Fig.2 or4, the reflected
waves can be calculated by eq.(13)

BY% (Y& +Yw ) (Y —Yw ) A (13)

where Yw is wall admittance looking into the
right direction from the right side of region 1.
OnceB‘Pare calculated from eq.(13), the refracted
waves are given by eq.(14)

B(2)= (F 1.2 )t (A(n +B(x)) (14)
Ft-2=| Fiv2r QO
0 FiE2E

B. Planar waveguide

The planar waveguide has two steps discon-
tinuity as shown in Fig.5(b). When each wall ad-
mittance are given by Y& and¥Ys>, and column

voltages at port(1) and port(2) are given byy®and
v, the following equations must hold.
—YepcotB, WY i¥Yeyr cosecB W AVANCD
J¥cLcosecB, W —Yey cotB L WY&l @ =0
(15)

By solving these eigenvalue equations, the
propagation constant and field distributions of
the waveguide can be obtained.

C. Parallel coupled planar waveguide

The parallel coupled planar waveguide
usually has symmetry at the center as shown in
Fig.5{(c). Hence, the analysis is performed for
the one-half. The wall admittance at(1) is al-
ready given by eq.{11). y&®1is given by eq.(16).

@ FlHSHYili a(FiHSH)t jno‘H““EY(‘:s _HHISEYSS (FIESE)t}
Yo =

-—I—‘H‘E“‘Yéz _HlESHYgz (Flllaﬂ)t) FlESEyai a-i(FlEBE)t
Jne e
(16)

one step

0] (2)

two steps

#1 #2
Fig./ Reflection and refraction
at step discontinuity

where @=jtanfs/2 for electric wall; a=
jeotBs/2 for magnetic wall. Once y$%? and Y42 are
given,the eigenvalue equation is same with
eq.(15). Even when the structure in Fig.5
loses its symmetry, the same reasoning can be
applied and propagation constant and the field
distribution can be obtained in the same way.

6. Conclusion

General mode coupling equations at step dis-
continuity are derived and formulated based on the
planar circuit theory. Henceforth, we will use
these relations for the analysis and calculation
of the properties of many kinds of planar struc-
tures.

Reference

(1)HsuJui-Pang andT.Anada "Proposal of Surface
Wave Planar Circuit, Formulation of its Planer
Circuit Equations and its Practical Application",
1986 IEEE MIT.Int'l.Symp.Digest GG-4 pp797-800
(2)S.T.Peng and A.A.O0liner,"Guidance and leakage
properties of a class of open dielectric wave-
guides:Part I,Part II",IEEE Trans. MTT. Vol.MIT29,
pp843-855, Sep.1981.

four steps

(1) @ ; Plane of symmetry

vl 7

-—W —

.. W@ ___

) ®

3. iy MR

V“)T 1 v? | Yoo, B
v y?

Step discontinuity

planar waveguide

Parallel planar waveguide

Fig.5 Structure and model of planar waveguide

1138



